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ABSTRACT:
This paper proposes and presents derivations of two analytical methods based on Amiet’s theory to predict the

aerodynamic broadband noise of a thin annulus. The first approach extends the thin annulus model proposed by

Roger [(2010). J. Fluid Mech. 653, 337–364] for leading-edge noise to trailing-edge noise by adapting Amiet’s theory

to a circular geometry. The second approach, referred to as the segmentation model, subdivides the annulus into

noise-emitting flat plates, which are addressed with classical Amiet’s theory. The results for the leading-edge thin

annulus model matched well with the previously established results and experimental data. For the trailing-edge

noise model, no reference results or experiments were available for direct comparison. The trailing-edge segmenta-

tion model showed good agreement with the thin annulus model, proving to be a valid method for trailing-edge noise

prediction. Regarding the leading-edge segmentation model, an offset was observed, resulting in a consistent under-

prediction compared to the thin annulus model. Additional considerations were given about the ring’s geometrical

characteristics and their impact on the analytical model and noise predictions. These models provide a cost-effective

approach, as the inputs can be derived from Reynolds-averaged Navier–Stokes simulations, making them suitable for

numerous engineering applications, including ducted turbines, propellers, and other aerodynamic systems.
VC 2025 Acoustical Society of America. https://doi.org/10.1121/10.0039542
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I. INTRODUCTION

The interaction of turbulence with the leading-edge (LE)

and trailing-edge (TE) of a hollow cylindrical shape, axially

aligned with the flow, produces broadband noise. This geome-

try is of significant research interest due to its prevalence in

many aerodynamic applications where noise emissions are rel-

evant. For example, in diffuser-augmented wind turbines, com-

putations with lattice Boltzmann method have shown that,

under low turbulence intensity, the diffuser TE is the primary

noise source in most directions, exceeding the rotor’s contribu-

tions (Freire-Guimaraes et al., 2022). This effect results from
the rotor-induced acceleration of flow along the suction side in

the azimuthal direction, which triggers the transition to fully

turbulent flow and increases the thickness of the boundary

layer, leading to the increase in TE broadband noise. Given the

similarity in flow conditions and geometry, a comparable effect

may be anticipated in other applications, such as ducted pro-

pulsors in aviation (Bridges et al., 2001) and ducted fans

(Ahmed et al., 2024) or ducted propellers (Malgoezar et al.,
2019). Another field of application is the noise associated with

nozzle flows, where the TE noise of nozzle lips dominates

over the jet noise at low Mach numbers (Henderson et al.,
2004; Olsen et al., 1973; Olsen and Karchmer, 1976; Williams

and Gordon, 1965). While TE and LE noise associated with

the flow over an airfoil has been extensively analyzed numeri-

cally and experimentally since the early 1970s (Ffowcs

Williams and Hall, 1970; Amiet, 1975, 1976; Howe, 1978;

Brooks and Hodgson, 1981; Brooks et al., 1989; Howe, 1999),
few measurements have been reported on the noise generated

by hollow cylindrical shapes (Roger, 2010; Ahmed et al.,
2024; Olsen et al., 1973; Olsen and Karchmer, 1976) and even

less attempts have been made in trying to predict the TE or LE

noise radiated (Roger, 2010; Freire-Guimaraes et al., 2022).
This work addresses this gap focusing on the prediction of LE

and TE broadband noise using analytical models.

An analytical model for predicting broadband noise

generated by the interaction of flow turbulence with an infi-

nitely thin flat plate aligned with the flow velocity was pro-

posed by Amiet (1975, 1976). It provides a framework to

compute both LE and TE broadband noise in the far-field.

Back-scattering corrections to the aeroacoustic transfer

function have been developed to account for effects due to

the finite chord length (Roger and Moreau, 2005; Bresciani

et al., 2022). Thanks to its wide applicability, Amiet’s the-

ory is effectively used for predicting airfoil noise of helicop-

ter rotors (Schlinker and Amiet, 1981), fans (Roger and

Moreau, 2004), wind turbines (Tian and Cott�e, 2016), and
aircraft propellers (Blandeau and Joseph, 2011).

Roger (2010) extended Amiet’s flat plate theory to an

equivalent circular geometry, providing the expression to com-

pute the LE impingement noise of an infinitely thin annulus,

further also referred to as a ring, with a sufficiently small

chord-to-radius ratio such that duct modal behavior and multi-

ple reflections between diametrically opposite walls can be dis-

regarded. The model was developed to validate Amiet’s theory

by addressing the limitations of rectangular airfoil setups

(Roger and Moreau, 2010), such as spurious noise sourcesa)Email: rui.goncalves@vki.ac.be
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from side plates and limited validation off the mid-span plane,

through the use of a circular geometry that allows for axisym-

metric noise radiation and reduces the amount of scattering

effects. However, a TE noise model for a circular geometry

has not been proposed. Such a model is particularly important

in applications like ducted propellers and wind turbines, where

the duct TE noise can dominate the overall noise emissions

due to the reduced impact of LE noise. Indeed, the increased

thickness and LE radius of an airfoil significantly reduce LE

noise, with thickness contributing more at mid frequencies and

LE radius at higher frequencies (Devenport et al., 2010;

Botero-Bol�ıvar et al., 2023). This thickness-dependent reduc-
tion in LE noise emphasizes the relative importance of TE

noise in diffuser and duct-shaped configurations. Furthermore,

a model for TE noise emitted by circular geometries would

provide insight into involved physics of the noise radiated by

nozzle lips despite necessary simplifications, such as assuming

a semi-infinite cylinder due to the absence of a back-scattering

edge, and neglecting the velocity mismatch between the inner

and outer sides of the nozzle. This paper addresses both the LE

and TE noise of circular geometries using two approaches. The

first approach, called the thin annulus model, extends Amiet’s

theory for TE noise to circular shapes, following the methodol-

ogy of Roger (2010). The second approach, referred to as the

segmentation approach, describes the ring as a discrete sum of

flat plates using classical Amiet theory. Once validated, the

segmentation approach can be applied to non-circular geome-

tries, widening its applicability to a broader range of engineer-

ing problems.

To address this gap, we implement the LE formulation

from Roger (2010) and compare it with the analytical and

experimental results published in the same article. This

comparison allows us to indirectly validate the TE deriva-

tion and implementation proposed in this work, as they fol-

low a similar approach. The TE noise formulation, which is

the original contribution of this work, is derived in parallel

to the LE noise model following the same approach as the

reference paper. Further confidence in the correctness of our

result is brought by comparing the results of our segmenta-

tion approach with the ring model.

The paper is organized as follows: Sec. II describes

the two analytical methodologies, the comparison and

validation are discussed in Sec. III, and the conclusions

are discussed in Sec. IV. Finally, Appendix A provides

an extended derivation of the segmentation approach,

addressing the reference frame transformations involved,

while Appendix B demonstrates that the ring’s aeroa-

coustic transfer function is identical to that of the flat

plate.

II. METHODS

Section II A reviews Amiet’s theory for rectangular flat

plates and introduces the notation. In Sec. II B, we derive

the thin annulus model for both LE and TE noise. Finally,

Sec. II C presents the segmentation approach.

A. Review of Amiet’s theory for flat plates

The power spectral density (PSD) of the acoustic pressure

generated by a fluctuating hydrodynamic wall-pressure field

moving with the mean flow on a surface SðyÞ, is determined

using dipole sources. These dipole sources have strengths

equivalent to the forces on the surface. Given the random

nature of turbulence, the loading is described statistically using

the cross-PSD of the wall-pressure jump between two points,

Sll; ðy; y0;xÞ. The cross-PSD of the loading can then be used

to compute the PSD of the acoustic pressure, Spp, at the

observer position x ¼ ðx1; x2; x3Þ in the acoustic far-field and

angular frequency x through (Bresciani, 2024)

Sppðx;xÞ ¼
ð
SðyÞ

ð
Sðy0Þ

x x3
4p c0

� �2 Sll ðy; y0;xÞ
r2sr

0
s2

� e�ixðr�r0Þ=c0 dSðyÞ dSðy0Þ; (1)

where k ¼ x=c0 is the acoustic wavenumber, rs

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � y1Þ2 þ b2ðx2 � y2Þ2 þ b2x23

q
denotes the distance

from the airfoil to the listener corrected for the convection

effects with b2 ¼ 1�M2 and r ¼ ½rs �Mðx1 � y1Þ�=b2.
Finally, M ¼ U=c0 denotes the Mach number based on the

freestream velocity U and speed of sound c0.
Based on Eq. (1), Amiet (1975, 1976) proposed the

rectangular thin plate theory, applicable to the LE noise

and TE noise generated by airfoils. The foundation of the

aerodynamic interaction is based on linearized airfoil the-

ory and the application of Schwartzchild’s theorem

(Amiet, 1975; Roger and Moreau, 2005), with the acoustic

radiation based on Curle’s acoustic analogy (Amiet, 1975).

In these semi-analytical models, the lift generated by the

unsteady wall pressure fields is the equivalent source of

noise. Said pressure fields are induced by the advection of

turbulent structures, which differ for leading and TE cases.

This results in different lift fluctuations for LE and TE

noise, leading to separate expressions for LE and TE

broadband PSD at the observer position. As a convention,

the coordinate axes for the LE and TE cases have the same

orientation but are centered differently: at the mid-chord

of the airfoil for the LE case and at the TE for the TE case

(see Fig. 1).

The approximations of the sound pressure PSD for an

observer in the acoustic and geometric far-field, i.e.,

rs � S0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ b2ðx22 þ x23Þ

q
, read

SLEpp ðx;xÞ ¼
x x3 c q0
2 c0 S20

� �2 L

2
Up jLLE x1;K1;K2ð Þj2

� UwwðK1;K2Þ; (2)

for LE noise, and

STEpp ðx;xÞ ¼
x x3 c

4p c0 S20

� �2 L

2
jLTE x1;K1;K2ð Þj2

� ly x;K2ð ÞUpp xð Þ (3)
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for TE noise. In Eqs. (2) and (3), c and L are the chord and

span, respectively, q and c0 are the density and speed of

sound in air, K1 ¼ x=U is the streamwise aerodynamical

wavenumber, and K2 ¼ k x2=S0 are the spanwise wavenum-

bers; the aeroacoustic transfer functions, LLE and LTE,

describe the relation between the surface pressure jump (for

TE noise) or the upwash velocity perturbation (for LE

noise). In this work, the formulation proposed by Bresciani

et al. (2022) is used. The spectra Uww and Upp represent the

two-dimensional power spectral densities for the LE and TE

case, and the spanwise coherence length ly is defined as

(Bresciani, 2024)

lyðx; k2Þ ¼ 1

Sqqðx; 0Þ
ðþ1

0

Sqqðx; y2Þe�ik2y2dy2; (4)

where Sqqðx; 0Þ ¼ UðxÞ is the surface pressure spectrum

observed in the middle plane.

The expressions for LE and TE noise present a similar

structure. The primary difference lies in the two-

dimensional spectra characterizing the load. For the LE

case, Uww is the incoming turbulence spectrum. For the TE

case, Upp is the point spectral density of the pressure field at

the TE. The computational approach for these spectra is

elaborated in Sec. II D. The transfer functions differ between

the LE and TE cases due to the differences in the airfoil

response to the perturbations [see Amiet (1975) for LE noise

and Amiet (1976) for TE noise].

B. Thin annulus model

Roger (2010) extended the flat plate Amiet’s theory to

the broadband noise radiated by the LE of a thin annulus.

This model adapts classical Amiet’s principles to a hollow

cylindrical surface SðyÞ. In this work, we propose the TE

noise theory following the same approach. The adaptation

considers similar assumptions, such as thin circular geome-

try under aligned freestream velocity U, with radius r0 and

chord length c, ensuring axial symmetry in the coordinate

system, as represented in Fig. 2. The observer’s position is

denoted by x ¼ ðx1; x2; x3Þ, and the source is defined by

y ¼ ðy1; r0hÞ in the e1, s reference frame, where s is the cur-
vilinear coordinate following the circumference of the

annulus. The source position can be equivalently expressed

as y ¼ ðy1; y2; y3Þ in the e ¼ ðe1, e2, e3Þ frame of reference.

The origin is centered with the ring, at mid-chord. The rela-

tive position vector between the observer and the source is

denoted by R ¼ x� y, and the projected distance T repre-

sents the projection of R onto the frontal plane defined by

coordinates e2 and e3.
The acoustic PSD at the receiver position x is obtained

applying the expected value operator to the product of

the acoustic pressure ~p and its complex conjugate, ~p� (Amiet,

1975),

Sppðx;xÞ ¼ lim
T1!þ1

p
T1

E ~pðx;xÞ ~p�ðx;xÞ½ �
� �

; (5)

where the symbol~denotes the Fourier transform. The inte-

gration time T1 represents the averaging interval over

which the turbulent structures pass over the airfoil (Amiet,

1975). The stochastic contribution of the point dipole dF to

the acoustic pressure is defined by the expression

dp0ðx; tÞ ¼ R2 sin hþ R3 cos h

4pc0S20
� @ðdFÞ

@t0

� �
t�Rt

c0

; (6)

where the loading dF ¼ lðy1; h; tÞ ndS denotes the

unsteady lift force per unit area with n being its normal

component, Rt ¼ ðRs �Mðx1 � y1ÞÞ=b2 is the modified

distance, and S0 is the far-field corrected distance with

S20 ¼ x21 þ b2ðx22 þ x23Þ.
The point dipole contribution to acoustic pressure is

expressed in Fourier form, as

~pðx;xÞ ¼ �ix

4pc0S20

ð2p
0

ðc=2
�c=2

ðx2 sin hþ x3 cos hÞ

� ~lðy1; h;xÞ eikRT r0 dy1dh: (7)

Substituting Eq. (7) into Eq. (5) by multiplying ~p with its

complex conjugate ~p�, we obtain

FIG. 1. Frame of reference used in Amiet theory for LE (—) or TE (- -)

noise prediction.

FIG. 2. Frame of reference used for ring LE noise calculation.
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Sppðx;xÞ ¼ �ix

4pc0S20

� �2 ð ð2p
0

ð ðc=2
�c=2

ðx2 sinhþ x3 coshÞ

� ðx2 sinh0 þ x3 cosh
0ÞSll ðy1;y01;h;h0;xÞ

� eikðRT�R0
TÞ r20 dy1dy

0
1dhdh

0; (8)

where Sll ðy1; y01; h; h0;xÞ ¼ ~lðy1; h;xÞ ~l�ðy01; h0;xÞ is the

cross-spectral power density of the unsteady lift, expressed as

Sll ðy1; y01; h; h0;xÞ
¼ lim

T1!þ1
p
T1

E ~lðy1; h;xÞ ~l�ðy01; h0;xÞ
h i� �

: (9)

The unsteady lift ~lðy1; h;xÞ is a function of the

pulsation x and position on the annulus surface ðy1; hÞ.

The function takes different forms for the LE and TE

cases, i.e.,

~lðy1;h;xÞ ¼
2pq0

X1
n¼�1

~wnðK1Þgðy1;K1;knÞeinh LEð Þ;

1

Uc

X1
n¼�1

~qnðK1Þ f ðy1;K1;knÞeinh TEð Þ;

8>>>>><
>>>>>:

(10)

where Uc is the convective velocity, kn ¼ n=r0 ¼ n h=s is

the azimuthal wavenumber of the gust of mode n and

s ¼ r0 h is the curvilinear coordinate, ~wn and ~qn represent

the Fourier transforms of the incident perturbations at the

LE and TE, and finally, gðy1;K1; knÞ and f ðy1;K1; knÞ are the
ring’s response functions to the LE and TE perturbation,

respectively. Consequently, we obtain

Sll ðy1; y01; h; h0;xÞ ¼
2pq0ð Þ2

X1
n¼�1

~wnðK1Þ ~w�
mðK1Þ gðy1;K1; knÞ g�ðy01;K1; knÞ ein h�h0ð Þ

LEð Þ;

1

Uc

� �2 X1
n¼�1

~qnðK1Þ ~q�mðK1Þ f ðy1;K1; knÞ f �ðy01;K1; knÞ ein h�h0ð Þ
TEð Þ:

8>>>>><
>>>>>:

Considering the stochastic orthogonality of the incoming gusts, the expected value operator is again applied to the product

of the random quantities, providing

lim
T1!þ1

p
T1

E ~wnðK1Þ~w�
mðK1Þ

	 
� �
¼ 2p

U

r0
dðn� mÞUwwðK1; knÞ;

lim
T1!þ1

p
T1

E ~qnðK1Þ~q�mðK1Þ
	 
� �

¼ 2p
Uc

r0
dðn� mÞUqqðK1; knÞ;

where d is the Dirac delta function.
Using the previous definitions, we obtain Sll ðy1; y01; h; h0;xÞ for LE and TE cases

Sll ¼
2pq0ð Þ2 2pU

r0

X1
n¼�1

dðn� mÞUwwðK1; knÞ gðy1;K1; knÞg�ðy01;K1; knÞ ein h�h0ð Þ
LEð Þ;

2p
Ucr0

X1
n¼�1

dðn� mÞUqqðK1; knÞ f ðy1;K1; knÞf �ðy01;K1; knÞ ein h�h0ð Þ
TEð Þ:

8>>>>><
>>>>>:

(13)

To obtain the expressions for Spp, we replace Sll from
Eq. (13) into Eq. (8). Next, using the definition of RT , we

redefine the term eikðRT�R0
TÞ in terms of y1 and h dependent

components. Specifically, we introduce

RT � R0
T ¼ 1

b2S0

	ðx1 �MS0Þðy01 � y1Þ þ b2r0T

� ðcosðh0 �HÞ � cosðh�HÞÞ
: (14)

We then separate the integrals by splitting the dy1
and dh terms. Following this, we highlight the conjugate

terms. Finally, we perform a change of variable y�1 ¼
2ðy1=cÞ to nondimensionalize the integral. This allows to

substitute ðx2 sin hþ x3 cos hÞ with the equivalent pro-

jected coordinates T sinðHÞ sinðhÞ þ T cosðHÞ cosðhÞ,
which simplifies to T cosðh�HÞ. The following are the

final expressions for the ring’s LE and TE acoustic PSD

in the far field
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SLEpp ðx;xÞ ¼
xqc
4 c0S20

� �2

2pr0U
X1
n¼�1

UwwðK1; knÞ

� jLLEðx1;K1; knÞj2jJj2; (15)

STEpp ðx;xÞ ¼
xc

4 c0S20

� �2 pr0
2Uc

X1
n¼�1

UqqðK1; knÞ

� jLTEðx1;K1; knÞj2jJj2; (16)

with the surface pressure spectrum Uqq defined as

UqqðK1; knÞ ¼ Uc

p
lhðx; knÞUppðxÞ; (17)

where lh is the azimuthal correlation length, and Upp is the local

pressure spectral density. Equation (15) corresponds to the

same expression found in Roger (2010), while Equation (16) is

the original contribution of this work. The aeroacoustic transfer

functions L are normalized by the chord and expressed as

L ðx1;K1; knÞ ¼

ð1
�1

gðy�1;K1; knÞ e�iy�
1
c=2kðx1�MS0Þ=b2S0 dy�1 LEð Þ;

ð1
�1

f ðy�1;K1; knÞ e�iy�
1
c=2kðx1�MS0Þ=b2S0 dy�1 TEð Þ:

8>>>><
>>>>:

(18)

The expressions for the aeroacoustic transfer functions in

Equation (18) are identical to those presented in Amiet

(1975). In Appendix B, we demonstrate that these expres-

sions lead to the same solution as the flat plate.

Comprehensive solutions for L can be found in Roger and

Moreau (2005) and Bresciani et al. (2022). Finally, the term
J is defined as

J ¼ einH
ð2p
0

T cosðh�HÞ e�ikr0T cosðh�HÞ=S0einðh�HÞdh;

(19)

and its absolute value squared was shown in Roger (2010)

to be equivalent to

jJj2 ¼ ð2pÞ2 T2 J0n
kr0T

S0

� �� �2

; (20)

where J0n is the derivative of the Bessel function of the first

kind and k ¼ x=c0 is the acoustic wavenumber.

Equations (15) and (16) present some analogies with

Eqs. (2) and (3). In both cases, the far-field acoustic PSD is

related to the disturbance spectrum (Uww and Uqq for the LE

and TE noise cases, respectively) through an aeroacoustic

transfer function. In the thin annulus theory, the transfer

function L of the flat plate is modified by the function J.

Furthermore, spanwise wavenumber K2 of the flat plate the-

ory is replaced by the summation over the azimuthal wave-

numbers kn in the thin annulus theory. Even though there is

a summation of modes n from �1 to 1, as we will see

later on, the modes close to n ¼ 0 are more relevant, allow-

ing us to shorten the range of n. As a result, this method pro-

vides increased efficiency over the integral computation of

the segmentation approach. It is worth adding that due

to the anti-symmetry J0n ¼ �J0�n, it follows that jJðnÞj2
¼ jJð�nÞj2. This symmetry leads to the contribution

of mode n and �n being equal, allowing for further

optimization.

As expected, the final expressions for the PSD [Eqs.

(15) and (16)] do not depend on the angular position of the

observer H, indicating the axisymmetry of the problem. As

a consequence, the acoustic results computed at the meridi-

onal plane can be generalized to the three-dimensional

space.

C. Segmentation approach

The segmentation approach consists in subdividing

the ring into N flat plate segments, as illustrated in

Fig. 3.

The circular shape’s total broadband noise is

obtained through the superposition of the separate N
plates LE and TE noise, computed using Eqs. (2) and

(3), resulting in

SLEpp ðx;xÞ ¼
XN
j¼0

SLEpp;jðx;xÞ;

STEpp ðx;xÞ ¼
XN
j¼0

STEpp;jðx;xÞ:

Taking into account for the terms constant for each seg-

ment j, we can develop the former expression to obtain the

ring’s SLEpp and STEpp ,

SLEpp ðx;xÞ ¼
xqc
2c0

� �2

pU
L

2

XN
j¼0

x3j
S20j

� �2

� jLLE x1j;K1;K2jð Þj2 Uww K1;K2jð Þ; (21)
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STEpp ðx;xÞ ¼
xc
4pc0

� �2 L

2

XN
j¼0

x3j
S20j

� �2

jLTE x1j;K1;K2jð Þj2

� UppðxÞ ly x;K2jð Þ; (22)

where c is the ring chord, and the segment length L can be

defined with the ring’s radii r0 and number of segments N as

L ¼ 2r0 sinðp=NÞ. The third component of the observer

position x3j and distance S20j are computed in the local refer-

ence frame of each segment j through the geometrical trans-

formations detailed in Appendix A. For segment j, the

observer relative positions and the corrected distance S0j are
obtained based on the observer-source relative position R
with

x1j ¼ R1 � l; x2j ¼ R2 cos hj � R3 sin hj; x3j ¼ R2 sin hj þ R3 cos hj � r0;

S0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21j þ b2ðx22j þ x23jÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1 � lð Þ2 þ b2 R2 cos hj � R3 sin hj

� �2 þ R2 sin hj þ R3 cos hj � r0
� �2
 �r

;

where hj is the segment’s azimuth and l adjusts the reference

frame’s axial position to match Amiet’s theory, such that l ¼ 0

for the LE case and l ¼ c=2 for the TE case (see Fig. 1).

Differently from the thin annulus model, the segmenta-

tion model assumes independent, uncorrelated contributions

from each segment, neglecting cross-correlations across the

annulus. A methodology that incorporates cross correlation

between segments would improve the model’s accuracy and

increase its consistency with the thin annulus model, which

enforces coherence across the annulus through the azimuthal

nodes.

D. Two-dimensional spectra and correlation length

The incoming turbulence spectrum Uww can be obtained

using the two-dimensional von K�arm�an turbulence spectrum

model, given by

UvK
wwðk1; k2Þ ¼

4

9p
u2rms
k2e

ðk1=keÞ2 þ ðk2=keÞ2
1þ ðk1=keÞ2 þ ðk2=keÞ2

 !7=3

;

(23)

where urms represents the root mean square velocity, and ke
is the wavenumber scale of the largest eddies, obtained as

ke ¼
ffiffiffi
p

p
Kf

Cð5=6Þ
Cð1=3Þ ;

where Kf denotes the characteristic length scale of the tur-

bulence and C the gamma function. In the thin annulus

model, kn replaces k2.
The frequency spectrum of the wall pressure fluctuations

Upp is obtained using semi-empirical wall pressure spectrum

(WPS) models (Hwang et al., 2009). Alternatively, the WPS

can be obtained from experiments (dos Santos et al., 2023;
Salze et al., 2014), TNO–Blake (Stalnov et al., 2015) models

or high-fidelity simulations, such as direct numerical simula-

tions (Na and Moin, 1998; Pargal et al., 2022; Pirozzoli and
Bernardini, 2010) or large–eddy simulations (Wu and

Piomelli, 2018; Cohen and Gloerfelt, 2018). There is a wide

range of WPS models available, and the selection is based on

the type of pressure gradient observed at the TE, as detailed in

Gonçalves (2025). A zero-pressure gradient is expected for an

infinitely thin annulus; therefore, Goody’s model (Goody,

2004) is used in this work.

The inputs required for the WPS models are the param-

eters defining the turbulent boundary layer (BL) at the TE,

i.e., the boundary layer thickness d, the displacement

thickness d�, the momentum thickness h, the wall shear

stress s, and the edge velocity Ue. In the present work, these

parameters are computed assuming that the boundary layer

over the annulus can be approximated as the boundary layer

of a flat plate. We expect this approximation to be valid for

annuli with a radius much larger than the boundary layer

thickness. In this case, the boundary layer thickness, dis-

placement thickness, and momentum thickness are

expressed as (White, 2009)
FIG. 3. Ring discretization and frame of reference used for segmentation

approach.
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d
c
¼ 0:16

Re1=7
; d� ¼ 1

8
d; h ¼ 7

72
d; (24)

where Re is the chord-based Reynolds number. The edge

velocity Ue is calculated as Ue ¼ U½y¼d� (Griffin et al.,
2021). Finally, the wall shear stress s is computed using

Prandtl’s one-seventh-power law (White, 2009; Prandtl,

1925), where the friction coefficient Cf is expressed as

Cf ¼ 0:027

Re1=7
; (25)

and s ¼ ð1=2ÞqU2Cf .

The azimuthal correlation length lh is also calculated

using the same flat plate approximation. In this case,

Corcos’s model (Corcos, 1964) is widely employed in the

literature [e.g., Roger and Moreau (2005); Moreau and

Roger (2009)]. Formally, the azimuthal correlation length

lhðx; knÞ is replaced by the spanwise correlation length

lyðx; knÞ and calculated as (Corcos, 1964)

lyðx; knÞ ¼ 1=L2

k2n þ ð1=L2Þ2
; (26)

where L2 ¼ bcUc=x with bc ¼ 1:47 and Uc ¼ 0:7U.

III. RESULTS AND DISCUSSION

The results obtained using the thin annulus model and

the segmentation approach are compared in Sec. III B and in

Sec. III C for LE noise and TE noise, respectively. In Sec.

III A, the convergence of the segmentation approach and the

ring model’s sensitivity to input parameters is studied in

Sec. III D.

A. Convergence study for the segmentation approach

To ensure accurate noise predictions using the segmen-

tation approach, a convergence study was conducted to eval-

uate the impact of the number of segments N on the

predicted noise levels and validate the robustness of the

method.

When using Amiet’s large aspect ration (AR) approxi-

mation, it is suggested to use airfoil segments with an AR >
3 [e.g., Tian (2016)]. The AR of N segments discretizing a

ring is AR ¼ 2ðr0=cÞ sinðp=NÞ and consequently, a larger

number of segments N results in lower AR, potentially vio-

lating the large AR assumption. This limitation can be

addressed using the arbitrary aspect ratio sine cardinal for-

mulation. However, the significant computational cost due

to the k2 integration required for each segment might ham-

per some applications. Alternatively, an inverse strip

approach can be used to predict the acoustic response of

small airfoils by computing the difference between two

larger airfoils whose spanwise lengths differ by that of the

smaller airfoil (Christophe et al., 2009; Kucukcoskun et al.,
2013). In this work, we mitigate this limitation by consider-

ing a ring with a large enough r0=c ratio, increasing the AR

of the individual segments.

Figure 4 presents the LE and TE results of the conver-

gence study carried on a ring under inflow U ¼ 50 m s�1

with r0 ¼ 1 m and c ¼ 0:3 m for an observer at a distance

R ¼ 26r0 and angular position 120� (being 0� the upstream

direction), showing the noise predictions for different num-

ber of segments. The results, valid for the LE and TE predic-

tions, indicate that convergence is achieved with N ¼ 20

segments, and increasing N beyond this value has a negligi-

ble impact on the predicted noise. For low frequencies, the

segmentation model yields converged results with a small

number of segments; only at higher frequencies is N ¼ 20

necessary to achieve convergence. Notably, for large N, the
AR of the segments falls below the recommended threshold

of 3; however, the predictions remain consistent for both LE

and TE cases, suggesting the robustness of the segmentation

approach even in this condition. The predictions obtained

with the ring models are also shown as a preliminary com-

parison. While the difference between the two TE noise

models is approximately 2 dB, larger differences are

observed for the LE noise models, for which approximately

8 dB differences are observed. The comparison between

the two approaches is further investigated in Secs. III B

and III C.

It might be argued that, for a large number of segments

or incident turbulence containing large eddies, the span

length L of the segments becomes comparable with the tur-

bulence correlation length k and, hence, the noise emitted

by adjacent segments is not fully uncorrelated. Formally, the

condition is satisfied for L=k 	 1. For TE noise, the azi-

muthal correlation length ly is considered as the characteris-

tic length scale for the turbulent eddies k. The stricter

condition applies at low frequency for which lyðx; kyÞ is the
highest. At low frequency, we can suppose that the most

important contributions are related to spanwise wavenum-

bers ky � 0, and, hence, at, e.g., f0 ¼ 100Hz, we obtain

k ¼ lyð2pf0; 0Þ � 0:08 m. For the LE noise, the integral

FIG. 4. LE (—) and TE (- -) convergence study of the number of segments

N, compared to ring model using azimuthal modes ranging from n ¼ �400

to n ¼ 400 at a distance of R ¼ 26r0, and angular position of 120�.
Turbulence intensity TI ¼ 0:1%, integral length scale Kf ¼ 0:015 m, and

freestream velocity U ¼ 50 m s�1.
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length scale Kf ¼ 0:015 m is used as the characteristic

length scale of the turbulent eddies k. Figure 4 shows that

no significant differences are present between the PSD com-

puted with N ¼ 6 segments, corresponding to a span length

of the segments of L ¼ 1 m (i.e., L=k 	 1), and with N ¼
100 segments, for which L ¼ 0:063 m is in the same order

of magnitude of k. From this consideration, it can be con-

cluded that, even if the condition L=k 	 1 is not strictly sat-

isfied, the effect on the results is negligible.

Based on the observed results, N ¼ 20 was deemed an

appropriate choice to balance the computational efficiency,

prediction accuracy, and maintain a reasonable AR for the

segments.

B. Leading-edge noise

Figure 5 presents the LE noise computed using the seg-

mentation approach [Eq. (21)] and ring model [Eq. (15)].

The ring has a radius r0 ¼ 0.05m and a chord c ¼ 0.03m.

The observer positions are located at 30�, 60�, 90�, and 120�

relative to the upstream direction, at a distance of 1.3m

(26� r0) from the ring’s center. The results are compared

against experimental data, and the computations with the

ring model of Roger (2010). In the measurements, the ring

was placed in the shear layer of a jet with an exit flow speed

of 38m s�1. As explained in Roger (2010), the average

velocity at r ¼ r0 was U ¼ 23m s�1 (M ¼ 0:067). This flow
speed is used in the analytical model computations. We

computed the inflow turbulence spectrum Uww using the

two-dimensional von K�arm�an turbulence spectrum model of

Eq. (23), using urms ¼ 6.71m s�1 and Kf ¼ 1.5 cm.

Alternatively, Roger (2010) calculated the turbulence spec-

trum Uww using a radial velocity spectrum with the associ-

ated azimuthal correlation length. Furthermore, Roger

(2010) applied a correction to account for the anisotropy

found in the mixing layer of the jet. The implementation of

these corrections falls out of the scope of this work because

they are specific to the application studied in Roger (2010)

(i.e., jet-ring interaction noise).

The results presented in Fig. 5 show a good agreement

between our ring model and the results presented in Roger

(2010), supporting the validity of our approach. The devia-

tion between our results and the reference is explained by

the differences in the model’s input, Uww, resulting from the

different method used by Roger (2010) to calculate the tur-

bulence spectrum. The improved agreement of Roger (2010)

with the experiment arises from the corrected input spec-

trum rather than from modifications to the ring model. In

contrast, the segmentation model yields lower values, with

an offset of 8 dB, corresponding to a Spp magnitude approxi-

mately 6.3 times lower than that predicted by the ring

model. This discrepancy may result from the fundamental

difference between the two models: the segmentation model

assumes uncorrelated contributions from each segment,

whereas the ring model enforces azimuthal mode coherence

over the entire annulus, accounting for cross-correlations

between different locations. This difference becomes more

important at low frequencies, where the dominant acoustic

contributions arise from the lowest-order azimuthal modes

FIG. 5. Ring LE broadband noise PSD

predictions at R ¼ 1:3 m, compared

with Ring model and experiment from

Roger (2010), M ¼ 0:067.
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(n ¼ 0 and n ¼ 61), and where the assumption of uncorre-

lated segments is challenged due to larger turbulence struc-

tures interacting with multiple segments simultaneously.

Figure 6 shows a comparison of the ring’s LE noise

directivity using the ring model and the segmentation

approach at R ¼ 3m, with reduced frequency kc ¼ 0:1,
kc ¼ 1, kc ¼ 5, and kc ¼ 20 (and kr0 ¼ ð5=3ÞkcÞ. The com-

parison shows that the segmentation model underpredicts

the ring model results at all shown frequencies. Regarding

the directivity, at low reduced frequencies, we observe a

symmetric dipolar radiation pattern. As the dimensionless

frequency increases to kc ¼ 5 and kc ¼ 20, butterfly-shaped

lobes appear. The mainlobe of the LE noise directivity is

toward the TE, meaning that the LE noise is mainly radiated

towards the downstream direction. Such behavior is antici-

pated, as it is also observed for an isolated airfoil at high kc
[see, e.g., Roger and Moreau (2005)].

In terms of computational cost, both models require

similar computation time when using a comparable number

of modes and segments. In practice, the segmentation model

typically converges with around 20 segments. However, to

achieve higher accuracy at higher frequencies with the ring

model, up to 100 modes may be required, making the ring

approach more computationally demanding in those cases.

Nonetheless, the ring model provides an exact solution for

circular, thin geometries, whereas the segmentation model

remains an approximation.

Figure 7 shows the contributions of individual azi-

muthal modes to the aeroacoustic transfer function, pre-

sented as directivity patterns at reduced frequencies, kc and

kr0. These contributions are normalized to c and r0 and inde-
pendent of observer distance and are expressed as

jkcLLE=S0j jJj. For each reduced frequency, the directivity

patterns of modes n ¼ 0 to n ¼ 63 are shown and compared

to the total sound field.

The directivity is symmetrical with a dipolar shape for

low values of kc, regardless of the value of kr0. This is

explained by the fact that LLE is independent of the ring’s

radius, and it is the only term of the normalized aeroacoustic

transfer function that depends on the angular position of the

observer. As expected from a physical point of view, only

an increase in the wavenumber normalized by the chord kc

is causing an asymmetry with respect to the upstream-

downstream direction (e2e3 plane in Fig. 2). At the highest

value of kc and kr0, the maximum of the noise starts shifting

toward the downstream direction, as shown in Fig. 10. This

behavior is consistent with the explanation provided in Fig.

6 regarding the aeroacoustic transfer function and its depen-

dence on kc. As kr0 increases, the relative contribution of

each mode becomes less pronounced, and a larger number

of modes are required to capture the total sound field.

Figure 8 complements the information provided in Fig. 7

by showing the contributions from individual gust azimuthal

modes n at the observer position of Fig. 5(a), 30�, R ¼ 26r0.
The plot compares these contributions with the converged

total noise computed. The contributions from individual

modes demonstrate that the low and mid frequency ranges are

mainly affected by the low-order modes (n ¼ 0 and n ¼ 61).

The remaining modes (n < �1 and n > 1) gain more impor-

tance in the high-frequency range, although none of them sin-

gularly dominate the total sound field.

Figure 9 shows the normalized aeroacoustic transfer

function (same as in Fig. 7), expressed as jkcLLE=S0j jJj.
For each combination of reduced frequencies kc and kr0, dif-
ferent modes are progressively added to determine the num-

ber required for convergence. This is done by comparing the

results with the converged solution, which includes modes

ranging from n ¼ �200 to n ¼ 200. Initially, only the mode

n ¼ 0 is accounted for, followed by the sequential addition

of modes n ¼ 61, n ¼ 63, n ¼ 610, and finally all modes

between n ¼ 620 due to the increased significance of higher

order terms in the Bessel function derivative J. This behav-

ior is independent of the chord length. From a physical point

of view this can be explained by the fact that at high kr0 the

ring is not compact anymore in the azimuthal direction and,

hence, the unsteady loading coming from higher azimuthal

modes increasingly contributes to the overall sound field.

Figure 10 illustrates the LE thin annulus model compu-

tation at a distance of R ¼ 60 r0 from the center of the ring,

providing a three-dimensional view of the noise directivity

at three different reduced frequencies: kc ¼ 1, kc ¼ 5, and

kc ¼ 10. The results reveal the expected axisymmetric

directivity, verified across all three frequencies. As shown in

Fig. 6, the frontal plane symmetry is only observed at lower

FIG. 6. LE noise directivity (Spp dB Hz�1) in the e1e2 plane with segmentation and annulus model at kc ¼ 0:1, kc ¼ 1, kc ¼ 5, and kc ¼ 20, and

kr0 ¼ ð5=3Þkc. Flow direction: from left to right.
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reduced frequencies, while at higher frequencies a notice-

able shift towards the TE occurs.

C. Trailing-edge noise

For the TE model, a ring geometry with r ¼ 1 m and

c ¼ 0:3 m was used, to ensure applicability of the flat plate

BL model. The inflow velocity of 30m s�1 resulted in a

chord-based Reynolds number Re ¼ 0:6� 106. Figure 11

presents the results for TE noise computed using the seg-

mentation method [Eq. (22)] and ring model [Eq. (16)], and

the observer positions are located R ¼ 26r0 at 30
�, 60�, 90�,

and 120�. Since there are no reference values or experimen-

tal data, only the analytical results calculated with the ring

model and segmentation approach are shown. Overall, a bet-

ter agreement than for the LE case is observed between the

two approaches. Across all frequency ranges, the predictions

of the ring model are consistently offset by approximately

2 dB compared to the segmentation approach, with the seg-

mentation model under-predicting.

The segmentation model is valid when the segment

length is larger than the coherence length, which is satisfied

in this study. This ensures that coherence issues do not

explain the observed differences. Additionally, a conver-

gence study in Sec. III A confirms the independence of the

results from the number of segments used in the segmenta-

tion approach. Figure 12 compares the directivity of the TE

PSD Spp, using the ring model and the segmentation

approach at R ¼ 26r0, with reduced frequencies kc ¼ 0:1,
kc ¼ 1, kc ¼ 3, and kc ¼ 10 (and kr0 ¼ ð5=3ÞkcÞ. The

results between the two models show differences below

FIG. 7. Directivity patterns of the ring LE normalized aeroacoustic transfer function for individual azimuthal modes n in the meridional plane at reduced fre-

quencies kr0 ranging from 10 to 100 for kc ¼ 0:05 and 6 and at M ¼ 0:1. Flow direction: from left to right. Observer position:

ðx1; x2; x3Þ ¼ ðcos#; 0; sin#Þ. Black line: Modes n ¼ �200 to 200 (converged solution); blue line: Modes n ¼ 0; green line: Modes n ¼ 61; red line:

Modes n ¼ 62; purple line: Modes n ¼ 63.

FIG. 8. Contribution of individual modes n to the total LE noise.

Microphone at 30� and R ¼ 26 r0.
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FIG. 9. Normalized aeroacoustic transfer function (LE) jkcLLE=S0j jJj in the meridional plane with M ¼ 0:1, at reduced frequencies kc ¼ 1, kc ¼ 6,

kc ¼ 12, and kr0 ¼ 20, kr0 ¼ 40, kr0 ¼ 60. Flow direction: from left to right. Observer position: ðx1; x2; x3Þ ¼ ðcos#; 0; sin#Þ. Black line: Modes n ¼
�200 to 200 (converged solution); blue line: Modes n¼ 0; green line: Modes n¼ –1 to 1; red line: Modes n¼ –3 to 3; purple line: Modes n¼ –10 to 10;

orange line: Modes n¼ –20 to 20.

FIG. 10. Directivity of the PSD of LE noise represented on a sphere with radius centered on the ring, R ¼ 3 m at reduced frequencies kc ¼ 1, kc ¼ 5, and

kc ¼ 10.
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3 dB except for the lowest frequency. At the lowest fre-

quency (kc ¼ 0:1), we observe the largest discrepancy, with
the segmentation model underpredicting by about 4 dB. At

higher frequencies (kc ¼ 3 and kc ¼ 10), the segmentation

model predicts the complex aeroacoustic transfer function

directivity and lobes, despite overpredicting in certain

directions.

Figure 13 shows the contributions of individual azi-

muthal modes, from n ¼ 0 to n ¼ 63, to the normalized

aeroacoustic transfer function, for various reduced frequen-

cies kc and kr0. These contributions, independent of the

observer position, are normalized to c and r0 and expressed

as jkcLTE=S0j jJj. The expression for the normalized trans-

fer function is very similar to the one in Fig. 9, differing

only in that it uses LTE instead of LLE. For that reason, we

observe the same behaviors: lower-order modes are

dominant for lower values of kr0, repeating the results

observed in the LE case.

Figure 14 presents the individual gust azimuthal mode

n contribution to the TE PSD at the observer position of Fig.

11(a), i.e., 30�, R ¼ 26 r0. The plot compares these contribu-

tions with the converged solution. The contributions from

individual modes demonstrate how the dominant modes

(n ¼ 0 and n ¼ 61) shape the spectrum by affecting differ-

ent frequency ranges. Because kc is higher in this case com-

pared to the LE (Fig. 8), all modes, including the dominant

modes (n ¼ 0 and n ¼ 61), shift their contribution to lower

reduced frequencies. For larger rings, it is crucial to include

higher-order modes to ensure accurate predictions within

the audible frequency range.

Figure 15 shows the ring’s TE aeroacoustic transfer func-

tion, normalized to c and r0, expressed as jkcLTE=S0j jJj.

FIG. 11. Comparison of the TE PSD

predictions at R ¼ 26 r0 with the ring

and segmentation models.

FIG. 12. TE noise directivity (Spp dB Hz�1) in the e1e2 plane with segmentation and annulus model at kc ¼ 0:1, kc ¼ 1, kc ¼ 3, kc ¼ 10, and

kr0 ¼ ð5=3Þkc. Flow direction: from left to right.
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For each combination of the reduced frequencies kc and kr0,
different modes are considered and compared with the con-

verged solution. As observed in the LE case, the number of

modes necessary to reach a converged solution increases

with increasing kr0. For example, accounting for the modes

ranging from n ¼ �20 to n ¼ 20 is enough only at the low-

est kr0 shown in the figure (kr0 ¼ 20), while more modes

are necessary to reach convergence at kr0 ¼ 60. Likewise,

in the LE case, at low kc values, the directivity pattern

remains symmetrical, reflecting dipole behavior regardless

of kr0. This is consistent with the aeroacoustic transfer func-

tion’s independence from the ring’s radius. At higher kc val-
ues, this symmetry breaks, and the highest magnitude shifts

to the upstream direction, as observed previously.

Figure 16 illustrates the TE thin annulus model compu-

tation at a distance R ¼ 60 r0 from the center of the ring,

providing a three-dimensional view of the noise directivity

at three different reduced frequencies: kc ¼ 1, kc ¼ 5, and

kc ¼ 10. Similar to the LE case, we observe the expected

axisymmetric directivity. However, for the TE noise, the

intensity is more pronounced in the upstream direction. For

low values of kc, the directivity patterns are symmetrical.

For higher reduced frequency, the symmetry is broken and

the highest magnitude shifts toward the upstream direction,

explained by the directivity of the airfoil aeroacoustic trans-

fer function LTE (Bresciani et al., 2022).

D. Effect of the flow conditions on the noise
predictions

To evaluate how the ring model is impacted by the

input parameters, a sensibility study was conducted on a

ring with r0 ¼ 1 m and c ¼ 0:3 m. Figure 17 shows the

FIG. 13. Directivity patterns of the ring TE normalized aeroacoustic transfer function for individual azimuthal modes n in the meridional plane, at reduced frequencies

kr0 ranging from 10 to 100 for kc ¼ 0:05 and 6 at M ¼ 0:1. Flow direction: from left to right. Observer position: ðx1; x2; x3Þ ¼ ðcos#; 0; sin#Þ. Black line: Modes

n ¼ �200 to 200 (converged solution); blue line: Modes n ¼ 0; green line: Modes n ¼ 61; red line: Modes n ¼ 62; purple line: Modes n ¼ 63.

FIG. 14. Individual modes n relative contribution to TE Spp, Microphone at

30� and R ¼ 26 r0.
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FIG. 15. Normalized aeroacoustic transfer function (TE) jkcLTE=S0j jJj in the meridional plane with M ¼ 0:1, at reduced frequencies kc ¼ 1,

kc ¼ 6, kc ¼ 12 and kr0 ¼ 20, kr0 ¼ 40, kr0 ¼ 60. Flow direction: from left to right. Observer position: ðx1; x2; x3Þ ¼ ðcos#; 0; sin#Þ. Black line:

Modes n ¼ �200 to 200 (converged solution); blue line: Modes n¼ 0; green line: Modes n¼�1 to 1; red line: Modes n¼�3 to 3; purple line: Modes

n¼�10 to 10; orange line: Modes n¼�20 to 20.

FIG. 16. TE Spp directivity represented on a sphere centered on the ring, R ¼ 60 r0 at reduced frequencies kc ¼ 1, kc ¼ 5, and kc ¼ 10.
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effect of varying inflow velocity U with 0.1% turbulence

intensity and a turbulence length scale of kf ¼ 0:015 cm

on both the LE and TE PSD at 30�, 90�, and 150� angular
positions.

As expected, noise levels increase with Mach number

for both the LE noise and TE noise. At 30�, for low Mach

numbers, the LE and TE noise levels are nearly equivalent

in this direction, but as velocity increases, LE noise scales

more rapidly and becomes dominant under the prescribed

turbulence conditions. At 90�, the LE noise and TE noise

levels are of similar magnitude, with TE noise dominating

both the low and high-frequency ranges, while LE noise

becomes more significant in the mid-frequency range as

the Mach number increases. In the downstream direction

(150�), TE noise dominates across the entire frequency

spectrum, with its peak shifting toward higher frequencies

as the Mach number increases. The multiple interference

peaks in the TE noise spectra for kc 	 1 at 30� are indica-
tive of non-compactness radiation effects. At 150�, a com-

parable multi-lobed spectrum shape is noticed in the PSD

spectrum for LE noise, due to the mirrored nature of LE

noise and TE noise directivities on the frontal (e1; e2)
plane.

The effect of turbulence intensity on the LE noise enters

as a multiplicative factor, as shown in Eq. (15), such that

increasing the intensity raises the overall noise level without

altering the spectral shape. In contrast, variations in the tur-

bulence length scale modify the shape of the turbulence

spectrum, which directly influences the predicted PSD.

Moreover, larger turbulence scales increase spatial coher-

ence across the annulus, which enhances correlations

between segments and may amplify discrepancies with the

ring model, particularly at low frequencies where large-

scale structures dominate.

IV. CONCLUSIONS

This paper proposes two methods, based on Amiet’s

analytical theory, to predict LE and TE broadband noise

generated by a circular geometry. The first method,

referred to as the segmentation approach, discretizes the

geometry as a set of flat plates. The noise emitted by the

individual segments is modeled by the classical Amiet’s the-

ory and summed at the receiver position. In the second

model, referred to as the thin annulus model, an analytical

solution based on Amiet’s theory is given for the special

case of an infinitely thin circular annulus. Following the

approach of Roger (2010), we extend the theory originally

proposed for LE noise to the noise radiated by the TE of a

thin annulus.

The thin annulus model predictions for LE noise agree

with the experimental data and analytical results from Roger

(2010), validating the implementation of the present work.

In contrast, the segmentation model consistently underpre-

dicts LE noise levels by approximately 8 dB. This difference

is probably due to the missing cross correlation between

adjacent segments, which is not considered in the segmenta-

tion model; however, due to the difficulty in quantifying this

contribution, this remains the subject of future work.

Regarding the TE noise, the segmentation model demon-

strated good agreement with the thin annulus model, proving

to be a viable option.

The thin annulus model has been used to analyze the

contribution of the individual azimuthal mode to the total

noise levels. The analysis revealed that modes n ¼ 0 and

n ¼ 61 define most of the low-frequency spectrum for both

LE and TE noise, while higher modes contribute to the

high-frequency range. A dependence was shown between

the reduced frequency kr0 and the number of modes n
required for convergence. For rings with a large radius or at

high frequency (high kr0), high-order modes must be consid-

ered. Including modes from n ¼ �20 to n ¼ 20 ensured

complete coverage up to kr0 ¼ 20. In the segmentation

approach, using as few as 20 segments provided converged

results. The computational cost of the thin annulus model is

higher than the segmentation model at high kr0 because of

the high number of modes required by the thin annulus

model to obtain a converged solution.

FIG. 17. LE (—) and TE (- -) PSD for

different inflow velocities at observer dis-

tance R ¼ 26r0 and angular position 30�

(upstream), 90�, and 150� (downstream).
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APPENDIX A: SEGMENTATION APPROACH

The segmentation approach requires a change of refer-

ence frame for every segment. This is because the observ-

er’s relative position R in a generic global reference frame

x, y, z must be written in the segment j relative reference

frame for all N segments. The global reference frame, sche-

matized in Fig. 18 (left), has its origin centered with the

ring.

The set of geometrical transformations executed to

obtain the segment-observer relative position is described

here. The first transformation is a rotation around the x axis,
to adjust the alignment of the reference frame to any seg-

ment’s respective h angle. Such rotation is schematized in

Fig. 18 (right). Then, as shown in Fig. 19 (left), a translation

is applied to move the reference frame from the ring’s center

toward the center of the flat plate.

After that, the reference frame is placed following

Amiet’s theory: In the case of TE noise, the reference frame

should be placed on the TE; In the case of LE noise, the ref-

erence frame must be placed at mid-chord.

The relative coordinates for each segment j are obtained
using

x1j ¼ Rx � l;
x2j ¼ Ry cos hj � Rz sin hj;
x3j ¼ Ry sin hj þ Rz cos hj � r0;

and

S0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21j þ b2ðx22j þ x23jÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rx � lð Þ2 þ b2 Ry cos hj � Rz sin hj

� �2 þ Ry sin hj þ Rz cos hj � r0
� �2
 �r

; (A1)

with l ¼ 0 for the LE or l ¼ c=2 for the TE case.

APPENDIX B: AEROACOUSTIC TRANSFER
FUNCTION OF THE RING MODEL

The linearized wave equation for the velocity potential,

U, in cylindrical coordinates ðr; h; zÞ is given by

r2U� 1

c20

D2U
Dt2

¼ 0; (B1)

where r2 is the Laplacian operator in cylindrical coordi-

nates, c0 is the speed of sound, U is the velocity potential,

and D2=Dt2 is the material derivative. Given the premise of

longitudinal flow, the material derivative can be defined as

D2U
Dt2

¼ @

@t
þ U

@

@z
: (B2)

In cylindrical coordinates, the Laplacian r2 of a scalar field

Uðr; h; zÞ is expressed as

FIG. 18. Global reference frame (left)

and transformation 1: h rotation sche-

matic (right).
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r2U ¼ @2U
@r2

þ 1

r

@U
@r|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

1
r
@
@r r@U@rð Þ

þ 1

r2
@2U

@h2
þ @2U

@z2
: (B3)

Substituting the Laplacian term into the wave equation [Eq.

(B1)] yields

@2U
@r2

þ 1

r

@U
@r

þ 1

r2
@2U

@h2
þ @2U

@z2
� 1

c20

D2U
Dt2

¼ 0: (B4)

This equation describes the evolution of the velocity

potential U and consequently the velocity and pressure fields

over time in a cylindrical coordinate system, taking into

account the propagation of waves in a medium with cylin-

drical symmetry,

@2U
@r2

þ 1

r

@U
@r

þ 1

r2
@2U

@h2
þ @2U

@z2

� 1

c20

@2U
@t2

þ 2U
@2U
@t@z

þ U2 @
2U
@z2

� �
¼ 0: (B5)

Taking b2 ¼ 1�M2 and given the relationshipM ¼ U=c0,

b2
@2U
@z2|fflfflffl{zfflfflffl}
1

þ @2U
@r2|{z}
2

þ 1

r

@U
@r|ffl{zffl}
3

þ 1

r2
@2U

@h2|fflfflffl{zfflfflffl}
4

� 1

c20

@2U
@t2|fflfflffl{zfflfflffl}
5

� 2U

c20

@2U
@t@z|fflfflfflffl{zfflfflfflffl}
6

¼ 0: (B6)

The flow potential in said coordinate system can be

written in the form

Uðr; h; z; tÞ ¼ /ðz; rÞeixteiczeiar0h; (B7)

with c ¼ kzM

b2
and a ¼ �kn;

where kz ¼ x=U is the streamwise aerodynamic wavenum-

ber and kn ¼ n=r0 is the spanwise or azimuthal wavenum-

ber. Similarly, the incident velocity perturbation can be

written as

w ¼ w0e
ixte�ikzze�iknr0h: (B8)

The separate terms of the wave Eq. (B6) are developed

using the flow potential definition of Eq. (B7). Accordingly,

term 1 can be re-written as

b2
@2U
@z2

¼ b2
@

@z

@

@z
ð/eixteiczeiar0hÞ

� �

¼ b2
@2/
@z2

þ 2ic
@/
@z

� /c2
� �

eixteiczeiar0h:

(B9)

The term 2 gives

@2U
@r2

¼ @

@r

@

@r
ð/eixteiczeiar0hÞ

� �
¼ @2/

@r2

� �
eixteiczeiar0h:

(B10)

The term 3 gives

1

r

@U
@r

¼ 1

r

@/
@r

eixteiczeiar0h: (B11)

The term 4 gives

1

r2
@2U

@h2
¼ 1

r2
/eixteicz

@2

@h2
ðeiar0hÞ

¼ �a2r20
r2

/eixteiczeiar0h: (B12)

The term 5 gives

� 1

c20

@2U
@t2

¼ � 1

c20
/eiczeiar0h

@2

@t2
ðeixtÞ

¼ k2 /eixteiczeiar0h: (B13)

Finally, the term 6 gives

� 2U

c20

@2U
@t@z

¼ � 2U

c20

@

@z

@U
@t

� �

¼ � 2U

c20

@/
@z

ixþ 2U

c20
/xc

� �
eixteiczeiar0h:

(B14)

Joining the developed terms in (B6) leads to Eq. (B15):

FIG. 19. Transformation 2: translation

to segments plane (left) and transfor-

mation 3: translation to TE (right).
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@2/
@z2

b2
� �

þ @/
@z

2b2ic� 2U

c20
ix

� �

þ / �b2c2 � a2r20
r2

þ k2 þ 2U

c20
xc

 !

þ @2/
@r2

1ð Þ þ @/
@r

1

r

� �
¼ 0: (B15)

Developing the @/=@z term, we get

2b2ic� 2U

c20
ix ¼ 2i b2c� U

c0

x
c0

� �
¼ kzM �Mkz ¼ 0:

The / term can be simplified

� b2c2 � a2r20
r2

þ k2 þ 2U

c20
xc

¼ � k2M2b2

b4
þ k2 þ 2Uxc

c20
� a2r20

r2

¼ k2

b2
� a2r20

r2
:

We then obtain a simpler Eq. (B16),

b2
@2/
@z2

þ @2/
@r2

þ 1

r

� �
@/
@r

þ k2

b2
� a2r20

r2

 !
/ ¼ 0: (B16)

Roger (2010) shows through a non-dimensional analysis

that the term ð1=rÞð@/=@rÞ may be discarded, providing

the frequency is high enough for kh to be of order 1, h
being the radial thickness of the annular fluid slice at

r ¼ r0.
Upon dimensionalizing by the half chord b, we obtain

�z ¼ z

b
; �r ¼ br

b
; hr ¼ bhr

b
; (B17)

b2

b2
@2/
@�z2

þ b2

b2
@2/
@�r2

þ b2

b2
b2

b2
k2

b2
� a2r20

r2

 !
/ ¼ 0: (B18)

Given the wave equation is analyzed in the annular section,

the substitution r ¼ r0 leads to the simplification of the

term /,

@2/
@�z2

þ @2/
@�r2

þ b2

b2
k2

b2
� a2

 !
/ ¼ 0: (B19)

In the following canonical form, the expression obtained

collapses to the Schwarzschild problem observed in the flat

plate case, confirming the aeroacoustic transfer function is

equivalent in both cases,

@2/
@�z2

þ @2/
@�r2

þ j2/ ¼ 0; (B20)

in which j2 is

j2 ¼ k2b2

b4
� b2

b2
a2 ¼ kz

2
M2

b4
þ kn

b2
:

This demonstrates that the value of j2 matches the solution

obtained for the flat plate by Bresciani et al. (2022), indicat-
ing that the aeroacoustic transfer function is identical for the

annulus case.
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